> 


THE JOURNAL 


OF THE 


< X 



Vol. XIV.] 


AUGUST 1922, 


[No. 4 



edited by 


M. T. NARANIENGAR, M A 

Bony. Joint Secretary 


WITH THE .CO OrERATION Oi?" 

Tb« Hon bic R. P. PARANJPYE. M.A., D.Sc. 

Prof. A. C. L. WILKINSON. M.A.. F R A.S. 

and othcra. 


(i^aDtae ^ 

PRINTED BY SRINIVASA VARADACilARl 4c CO. 

4. MOUNT ROAD. 


Annual Subscription: Rs. $] 


1922 


tSingle Copy ; Quo Rupee. 



CONTENTS 


FAGl 

Progress Report: P. V. Ssshu Iyer a. *>* 121 

DeterminaDts involriDg Bpecified Numbers; C# KrishDamaohary and 

M. Bhimaseaa Rao ... .•• ••• ••• ' 

Short Notes;— 

Oa the Product of all Numbers less thap N and Prime it; 

N. B- Ultra ... ••• . _ *•* 

Three Fundamental Formuhx: C. Krishnamachary and M. Bhima- 

sena Rao ... ... ••• 

... 147 
... 158 


Solutions to Questions 
Questions for Solntion 




• • a 


eat 


• • • 


• t • 


A paper should contain a short and clear summary of the new re- 

Bults obtained and the relations in which they stand to results already 
known. It should be remembered that, at the present stage of mathe- 
matical research, hardly any paper is likely to be so completely ori^ma . 
as to be independent of earlier work in the same direction; and that 
readers are often helped lo appreciate the importance of a new inresliga- 
lion by seeing its connection with more familiar results. 

The principal results of a paper should, when possiWe, be enunciated 
separately and explicitly in the form of definite theorems. 
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PROGRESS REPORT. 

The T^IaoagiDg Committee ia g’ad to announce that ^e 
Hon’ble Justice Sir Ashutosh Mooberjee, Kt., O.S.I., D.L., D. Sc., Ph. D., 
Vice-Chancellor of the University of Calcutta, has kindly consented to be 
enrolled as an Honorary Member of the Society. 

The following gentlemen have been admitted as members of the 

Society p^jjQijapagesa Iyer, m.a., l.t., Lecturer in Mathematics, Maha¬ 
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2. G. V. Mahalingam, m.a , l.t., Lecturer in Mathematics, P.B. Col¬ 
lege, Cocanada. 

3. T. V’. Sundaresan, b.a., h,b.. Assistant Eogineer, Development 
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Kumbakonam. 
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Aloysius’ College, Mangalore. 

7. R, Krishnamurthy, m.a., Assistant Professor of Mathematics, The 
Nizam College, Hyderabad. 

Tbe Calcutta Mathematical Society has kindly invited our Society to 
bold the next Conference in Caloatta and accordingly our Fourth Conference 
will be held in Calcutta in March 1923 during tbe Easter Holidays. 
Members are hereby requested to do their utmost to make tbe Conference 
a success. The programme will be published in due course. Meanwhile 
members are requested to prepare and send to the undersigned papers 
that they may like to read at tbe Conference, together with short abstracts, 
before tbe 31st January 1923. Should the papers be not ready by that 
time, tbe abstracts may be sent in advance. 

18, Pycroft’s Road, 

Triplicane, Madras, | P. V. SESHU AIYAR, 

25-8-22 ^ *'*on, Joini Secretary, 
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DETERMINANTS INVOLVING 
SPECIFIED NUMBERS. 

{Continued from page 62, VoU XIV, No, 2,y./,^.5.) 
B; Ci Ebi8BKAMA0Hab¥ & M. Bbihas£MA Rao. 


§ 1. Let On be any function of the integral variable n. Consider the 


following table 

0 2ai 


0 

2a, 2a, 

0 

2«i 2^a 2«| 

Ox 

2®2 

Oi 

2a 2 

2ai 2a 3 

a, 2«. 2a, 

2^8 2^8 2^4 

a. 



2a3 

2«, 2*4 

0 , 2a3 204 

2^8 2^4 2^$ 


2a* 


2'»4 

204 2a:, 

O 5 204 20: 


«* 

20 5 

<*4 

2a5 



. 


The process of constructing the table is obvious. The second column 
is obtained from the first by a process of addition. Thus 


2«i =fli. S'*? = «i + ^21 

The third is obtained from the second by multiplying by the cor¬ 
responding numbers of the first column. The fourth is obtained from the 
third by addition, and so on. Thus 

Sfla = S<J. i 
2^. 2'*3 = »2 S-Jn + *1 2aa j 

Calling fli, a,, aj, the and the various numbers in the even 

columns, the elemental numbers of the table, we may denote 

2*®»iti •■•2^»»+r by nA w+r* (0 

BO that .the left suffix indicates the element which commences the 2 
and the right suffix the one which ends it. A is employed to denote the 
numbers defined from the a elements. Similarly, we may use B to denote 
the elemental numbers defined by the b tkments. 

The numbers in the even columns of the r\h row are 

yhr, , A,. + 1 , rAr -r .. 

The left suffix indicates the row, and the right tuffii, the number of 
the even column to which the number belongs ; e.g. 

,.A,-x*_l = 2^C 2^rfl ••• 2®'+i"'l 
is the number in the even column of the nh row. 
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From the my in which the table « formed, we have 

20r 2a..+i ... Sc-" = O'- 2 <'i* 4-1 + SOr-l 2o,-...2an- 1* 

Hence the general formula of redaction, viz» 

rA„ = Or . r+lAn + r-lA»-I ... (2) 


I'l. Similarly we may denote 

SOtt 2an-2 ... by '.0ln-5r 


• •• 


(3) 


Here again the left euffix indicates the element which begins the 
S and the right, the one which ends it. Also, we have the general 
formula of reduction, vis* 


Thus 


,a«-> = a” . + n-I«n- 2 r-l. 

"rt—l 0 -x = flin-l 02«-3 ... ®i‘ 

= a:n~2 . 2a«.4a.2 + ff2n-a OJk- 6 ... O# Ul* 


(3.1) 


(3.2) 


$9$ 


1'2. List us reduce (2) further for the elemental numbers of the hist 
row as follows.— 

1 An = Oi • 2 ^ n 

= flx . {O* • sAn + jAn—i) 

i.e, lAn—’Ct I I *An-i = a^ . ^A,, 

s= 0* (Us . 1^’* ^ jAn-i). 

— Ctj Oj d'.i , jA,j + rtg • jAn — i 

i.tf. ,A„ — (Oi + Oj) iA«_i = <*i a, Os . jA,,. 

= Ox Og Ug • (04 . sAtt + ^An—j) 

» Ox <*, flj a 1 . jAfl + (iA“ ^ — fli . xA,,-’) 

from (4.1). 




(41) 


(4.2) 


I Art ^ 


•f • 


(1.3) 


(«t + + ^3j iA„^i + a® , lAn-ii 

s ••• 

= (ii + ^An-i) 

® flx ^2 ^3 ' *lA;* 

+ — (Oi + O 2 ) tA,!-. } from (4,2) 


ReatraogiDgi this may be written 

^Art 4^4 • lAjt—i ^ 4^1 • iArt^2 ^3 ^4 * I Aft*** 


(4.4) 


* The use of the 2 is clearly explained in the first section of the last paper. (See 
Page 66, Yol, AY r. No. 2, Y./. J/.-bJ.) The repetition of the ^ merely btaude for 
repeated bummatiuu, the brackets being omltled for conyeuieuco, 
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After t redactions as above, we obtaio the fullowiog geoernl 
relation between the a’s and the A’s. 

i A” *' } An—1 + r-l^r-3 • ^Am— 2 — ••• 

+ (—1)*-^ . jAn-*-i 

“ ^2 ®9 ••• • I'hlAjif ••• ••• 

where f — 2k —1=2, if {r —1} is even ; and L if (r—1) is odd. 


2'he right $uffuc for a in the last term is alivays 2 or 2, The series on 
the left is to be continued till then. Remembering the reduction formula* 
for aV expressed in Cd‘l) and (3*2), (4) can be easily proved bj induction. 
(4) is fundamental in the theory of the functions we deal with. It is true 
whatever be the value of r provided it is less than If r = n, it is 
easily seen that (4) reduces to 

jAn — » jAij-l + . |A>,-2 —~ (1| flg (Sj ... (tn> (4*) 

A question naturally arises, can we find relations so that the last 
elemental number occurring in (4) is jAi P Or, what is the same thing ; 
what is the value of the left-hand side expression in (4) for values of 
r>«? We can, * consistently with the original table, give to r any 
values which make the right hand suffix of the last A in (4) equal to any 
positive integer down to unity. We proceed to prove that z/ r > n, 
the value of the expression on the left is zero, 

1*3. The following purely arithmetical method of establishing the funda* 
mental equations (13) and (14) below is given on account of its directness. 
The method of § 4 is important in the theory, and is therefore added. 


It is obvious from (4) that after 1 reductions (i.e, when r = « —1), 
we have 

jAn — • xAfl-l + . jAn-i ... 

” ••• • ’'Aji ••• 

the series on the lejl being continued till the right suffix of a is I or 2. 

For the sake of clearness, let n ^ 2m and omit the left suffix of A’s, 
The above equation is 

A3,,, — Sw-2°'2'«—a’ 1 3wi~2®i'«—4 ' ^ivi—2 ““ 

+ (—1)''3»i—2'^Z«<- 27'■ A2„,-7 + + I 

= flg ••• 1' 2w<^2wt *‘* 


s s « 
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Let n = 2m— 1. Then, 

^2m—I— 2ffi—s' 8 ^2w(—2 ■*" *»t—3®'S»«“5 ' 

+ (—l)"E,«_3'^flm-ar-l*^2m-2r-l+ "* + ^ 

eaj flj ... 02,„_2- 

Now from (4.6), 

^Zm 2m-r3°'Z«—S‘ ■^Zm—1 2w*—a^'Sm—4* 2 

+ i—^y Zvi~l°-Zvt-Zr "• + (—1)"’"* 2»i—2'^2.-^m + l 

= «1 (*2 *•• «2w-l (^2f« 2*«— 

= ^ ^E«t—1 2w*—s'^Sw—8’^2»i—2*^"* 

+ ( ^y tnt—b^Zm~-2r~-l ‘ ^Zm—r^i +•••+ ( I)"" * Jnt—^ 

by aubstitutiog from (4*7). Traospoaing the terms witbio the flower 
braobeta on the right, to the left and remembering (3* 1). we obtain, 

^gm — f7«—I'^awt—1‘^Zwi—I 2»<—82 •'• ^ 

2w—8r+r r +... +(—l)^2)rt—1 

which ia the formula (4') for /i^2m. Similarly we can obtain (4') when 
ns 2m—1, viz. 

^Z'W—I— zm-Z^tm^-Z ^Zm—Z '*’ •** 2it—Z^Zm—gr'^Zm—r~-l 

+ (—l)wi_i 2m—a'^9, * flja2* °-2w(—1' 

Substituting from (4‘9) in (4*8) for a, aa...a 2 ni.i, we bare, 

AEwt”" 2m—I * —1 27/1—I 2m—8 * ^ 2 m —2 “* 

+ (~^^'' 2 m—1 '‘2//i-2r + l * ^2m — r ■*■ ’** +( I®-! ’ \ii 

~ °2»» ^ ■^2m—I 2/1—2 ^2vi~Z ' -^am-2 +••• 

+ ^—1)'-2 ot-2 ‘* 2m—a' ^2m—r-l 2m—a'*,' r* 

^Zm'^Zm^gm ^Sm-l + ^Zm-Z~~"' 

^sm-r+ •-+(->)'" 2m“a Am>* = c‘ (^'10) 
Similarly from (4*9), by aubetituting for a|a 2 ..,a 2 ^_ 2 > 

•^2m— i“2m—1 “-Zm-l ‘ -^im-a+a^—lO-Ew—3 ' ■^2m-8~*" 

2 m—Zrfl * ^am-r-l ^^^'*2w—l”"! ' ^m—1“®* 

(4-11) 



126 


t'rom (4'10), writing m — 1 for m, we have 
2 im—i ^2m—2 ^-82>* * ^2m—r—2 

+ ... + (-l)m-lj„_S,a^ • A„,_,=0. (4a2) 

Multiply (412) by—and add to (4*11). Weget 
^im-\ 2m°'2m' ^2w—2 + 2»**a/w-2 ‘ -^Sw—8 ••• 

+ (-1)“ A„-i=0. (413) 

Similarly to (4*12) add — a^m~\ times the expression on the left in 
(411) after writing m —1 for m. We obtain, 

^2m—8 2»i—l*2w“l ^2«*—8"*"••• 

A,„_2 =0 (4-14) 

The equations (4*10) and (4'13) are the first two of the equations 
in(143)§4, below; and (4'U) and (4*14) are the last two of the 
equations in (1-3*3). It is now obrious that the other equations in (13*3) 
and (14*3) can be similarly obtained in a purtly arithmetical manner 
without any reference to the method in § 4. 

§ 2. Let 

M (*) = ~| — 2 Or + t ^7^ + 2ar+2^-^, —... 


y. — r + 1 



{Br + 2 

»T2 


+ r-nA,.+-» 


jgr+i 

r^i~\ 


I s • 



the coefficients A being the elemental numbers in the e7en columns of the 
(r + l)‘‘‘row. Thus, 


Mo (a) = I — 2 + 2^1 Sa, • 



a?* 

lAx 1^3* ^ — 


• «e 


(x) = 


* A *• , A 

jl— a I + 2*a* 61 ““••• 


The functions M*" (x) are rery interesting and general, and because 
of tbeir wide generality, we propose to deal with their properties at some 
length in a future paper. Id earlier papers •, we have identified the 
functions M,- (x) with well known functions as follows.— 

(1) a«*n'^. iAshEh , n'-^ Eulerian number. 

Mo (x) * eech x. Mi (®) = sech x tanh x 
^ senh X (tanb x)*' 

Ur (*) = -ri-• (8) 

'*■ H Some properties of Euieriao aod prepared Berooullian numbers " present* 
ed to tibe I'bitd Conferenue of the Indian Matbematical Societj. 
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(2) 0 es y Cn + y—1). 

Mfl (x) = (aech £t)^ i 

(tanb x) 

Mr (x) 5* C«®ch *>-^— 


M1 (®) ** (®ech sc)*[ lanh *, 


(7) 


(3) On = n*. [Ad — 13*5...(2n 1)* 

(x) Bs (x) = —, . 6 * 


Mo (») = (secb Xy/a) 
(4) a„ =a an + bn. 


6 

. + 1. 


^ .. . y°- i (tanbx^/a)»■ 

M>-(x;) = (9ecbxy«j)t - 


r! a 


(5) 


a„ = 1. Mo (X) = ^ J. (2*) 


M, (x) 


r+l 


J,+i (2x) = Jr (2x) + J.+^ (2 x). 


lo fact 


X' 

M. (X) = 


r+l a>‘+2 (r+11 (r+4) 

“rr • r +21 2 ! r+-l! 

(r+l) (r+5) (r+6) x' ’ *' 

3! r+6!'*’ 


[A table of values is found in Appendix I.] 

The following algebraical method of proof may be found interesting 

r + l 

2 / 1 ,+ , = 1 + 1 +... to r+l terms *=-.“♦ 




sum of r + I terms of tbe series S**/ {-■J 

r4-2 ’■+1. ,2 (r+ l) (r+l) 

~T~ + 1 +•••+!• “ ■" 1*2 


* Tbe cas of an=:» presents remarkable simplicity io the cvaloatioo of 
fln 5 :'m Thus 

(n +1) (a+ 2) 
va„ + i = 5- 2 - 


2 a„i-fld + is=“ nf« + n f« + 2 ) 


n (»i + 1) (« + 2) (n + 91 


m 

S'>i'+2 = sum o£ (r*|-i) terms o! the series whose last 

term is 2 <*r +2 2«r+ 

= sum of (r+1) terms of the series whose rtb term is 

(r+l) (y+4 

1-a 


^ jr+l) (r-f5) (yt -6) 
“ lZ‘3 

§ 3, Since [An » a, . gA„, we have 

d 

^ Mo (*) = —atW[ (a:). 


and so on. 


(IM) 


In virtue of the recurrence formula (2), we have the general and 
fundamental relation between any three consecutive series, 


^ M, («) s M,-i (*) — 0.+ ! M,.m ( x ). 


( 11 ) 


This relation is true for all positive integral values of r and for r bO, 
if we consider M—i (a;) » 0 in virtue of (11*1). 

From (11), it follows tbat.M,. (x) can be expressed in terms ofM^ (x) 
and its differential ooefB dents. 


And we easily obtain 

(D' + D'-’ + ,.iV8 D'-^ + ...) M„(*) 

= {—!)'■ rt, a 2 ... 0 r M,. (x). (12) 

This is directly proved by induction. The last term on the 
left is 

y_jaj = ^3 ^i. if is even; 

and r—I**--' ‘ ^ ^ 2“,._8 »■ 2<i2 ^ (12*3) 

Following Brioschi (Muir, Theory of DeterminanU, Vol. IJ, page 344^, 
we can wr»''’ ‘‘be equation (12) in the form 


D a, 

—1 D flg 
, —1 D o. 


Mo («) = (- 1 )*" Oi <*9 ••• a,- Mr (»). 


there being r rows and columns, D standing for 



(12-4) 
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It will be proved in a continuation of this paper that the denominators 
of the convergente of the continued fraction 


1 ^ ^ 
D — B 


•et 


is the expression on the left hand side in (12). 


(12-5) 


3*1. One interesting point about (12) may be noticed in passing, viz. 
whenever one of the elements a, vanishes, the right hand aide in (12) 
vanishes, and hence we can obtain the function (*) by solving a linear 
differential equation with constant co-efficients. Since such an equation 
can always be solved (at least theoretically), the function Mo (*) can m 
such a case be determined completely, but for constants. 


Ex. 1. Write 0,1 *8 n(n—3). Og — 0. 


The equation (12) is 

4 !? _ 4 iy = 0 . 

dx 


y = A + B cosh 2x + c sinh 2x. 

Here o, = «» — [3n. the case in § 2, (4) where « = 1. 6 = — 3,] so 

that Mo (s) = cosh* as = ^a:). 

Since ^ Mg (*) =» — <*1 (x) = 2 Mj (x), 

ax 

the above equation can be written 


u.-^) 

t.fl. Ml (x) = A cosh 2x + B sinh 2x, 

From § 2, (4), M j (x) ■» ccsh* x tanh x. 

= I sinh 2x. 

Ex. 2, Write a„ = («—2) (n—3). 

The differential equation for Mo (x) is 

& + = «• 

Mq (x) a a cos (V2x) + B sin ( 


17 
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By (ormiDg the table, it will be seen that the first row gives the co¬ 
efficients in cos (viz. 2, 2s, 2s.. Similarly bat for a factor .yS, 

the co-efficients in the second row will be found to be the co-efficients of 
sin 

3*2. Another advantage of (12) is that (a;) can be found in all cases 
provided IMq (ic) is known. 

Ex. On = n*. Here (12) gives, for r s 3, 

+ 5 ^ = (D8 -b 5D) sech 
dx^ dx 


= - 1> . . Sii. ( sech_|ten^* 

§ 4. In (12), write r =s 2ft, and equate the co-efficients of a:^* on both 
sides. We obtain the following equations. 

If 8>m, 

+ 2«-l“2m-3 ‘ ^»i+s-i “ — 

4 1)»« *^^ = 01 Og ..i + 


) 


[0/.(6) above.] 


If s = m 


^2w~ 2ffi—1*2»«-1 + 2«~l“2vi—8 ••• 

+ (—1^“ fll »• 


If s < Wl, 

A,« — 


A 


« + l 


2m—1^2'n^l‘ ^lu^l + 2w—l^a»i-8* 2 

+ (—O'” 2»t—• ^0 

— 2wi—1'2'M—1 ■!■ 2w—8 '^w—I 

+ (—O’” 


see 


= 0 . 


O' 


i #• 


• • a 


see 


•• • 


• •• 


A2»j—1 “ 


2»«—1^2«J 


.f + 2«t—l“2»n—8* 8 

+ (—1)” 2w-l°-l 


0‘J 


s** 


(13-3) 


where Aq • 1. 

4*1. Similarly in the differential equation, write r » 2w + 1, and equate 
theco-cfficientsof x on both sides. We obtain the following equations ; 
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If j > «• 

A,«+,+i — ” •'* 

+ (— I,”* 2m*^i ^«+I “ “a ^2 ••• ®2j» + 1 ' 2«‘+a. + 

If «*=»»», 


A2..+I - am“2«.. *2« + 2».“-2 m- 2 A2m-1 - 

4- (—^m+i = ®i •■• ®2wi+i* 


(14-1) 


(U-2) 


If i < m, 

Agvi —2wt^2r«. ^aw-i + aw^-aw-a ••• 

+ (—1)" ■*7;t = 0' 

A*w-l — ■ Aa;«-a + 2m^2m-t ' Aa,„_8 " - 

+ (-1)"* £«.'-2 'A,,,., =0. ••• 0^‘3) 




• • • 






• « » 




A-/i+i“' Affi + a«*'^2w-a A„t —1 

+ (—1)"‘ 2wt®2 *Ai “® 0. j 


,*> 5. From the equations (13...) and (14...)» we may evaluate deter* 
minante whose elements are the first row elemental numbers of the table. 
The method of procedure is exactly similar to the one we adopted in our 
last paper. We content ourselves with stating the main results. We add 
some examples of cases in which the elements are did'erent from those 
already considered. 


Ao Ai 
Aj Aj 


• I » 


e«i 


A, 

As 


... A,;j 

••• A 


1 


• s • • s 


A^/t A„j^j A a ... 


(^2vi—I ^2f/i) * 


(15) 


A, A, 

A, 


A;/j 



Aj As 

A* 


A;rt+1 



#•4 ••• 

Awt A„j^j A^ 

set 

+2 ••• 

• St 

Aa-fl—1 

• 

(Iti) 

Aj 

Afl 

Ai 

A, 


A»i+i 

A»4+2 

— fy, ^ V»t —1 , .7>*— 2 

= (a, rts) (OiCs) .M 


Ajh+i 

«»l 

Afrt-fa 


• •• 

Agwj 


(1?; 
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Aq 

Ai 


ft* 

Ki 

Ai 

As 

A, 

fa* 

Afn+l 

Iff 

• at 

ftf 

ttf 

fff 

K. 

—2 Ant_i 

• at 

••• 

A2m—a 

K 

— 1 

ftf 

fff 

Aaoi —1 

A, 

A 5 +I 

a at 

•tf 

Am +j 


= (a,aar («8 0*^“* ». 

(®2m—l®iw) ^ 2wi+l‘^5+wi 


(18) 


where t is any integer equal to, or, greater than m, S/zi+iA^nt beiog 
equal to unity. 


Ax 

A, 

• •e 


^2 

As 

eat 


A,n-l A 
A,.. A 


m 


m 


w+l 


A 


s+1 A^+3 


A 3 

A, 

eat 

tet 

tei 

eat 


ie« 


ft* 


•ef 


A 

A 


ffi-f 1 

m+2 


fee 


A 


•at 


a • a 


A 


OT+S+l 


= (-. «3r - 

8 ®2w—l)* (®2«* ®aw+lV 
^ 2w*+2^«*+s+l’ 


Where s is any integer equal to, or greater than m, 

6,1. Particular cases of the above determinants were obtained 
independently in the last paper, in view of the fact that their elements 
are Baler’s and Bernoulli’s numbers. 

TVe give here other examples. 

# 

(fl) Ctit ss ftt jAn ®*li3.5 .It 


= 720*1(2.3) (4.5)* 

= P (2.3)* (4.5) 


1 1 3 

= 48= (1.2)* (3.4)> 

13 15 

1 3 16 

3 16 105 

= (1.2j« (3.4)* 

3 15 106 

15 105 045 


(ft) 


a 


«•« 


aa 


1 . 


The values of the A’s are calculated in Appendix I with the help of 
which we write down some examples. 


1 1 

2 

5 


2 

5 

14 

1 2 

6 

14 

» I. 

5 

14 

42 

2 5 

14 

42 


14 

42 

132 

5 14 

42 

132 





Again 


71*^ ft ™ 

= Ht 



»a„. 

^2 

= (rt- 

•2) + («- 

—3) 


+1 


(n—2) (jt—1 


ss 4 and b 4 . 
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= sum of terms (2®n—2 4^* number 

= L ^ 1*2 + 2*3 + ... + (n—4) (m—3J } 

« lCn-4)(«-3)(«—2), 

n®'w—6 " terms fS^n—a ^^n—4. 2<*rt—6^i number. 

= ylj { 1.2.3 + 2.3.4 + 3.4.5 + ... } 

= 1, (»i-6; (n—5) (n-4) (n-3); 

and generally u^h— 3 r = («—2>) (h— 2r + l) ... (n—r 1) (» r). 

§6. We give further examples of important coefficients being 
obtained from the table. Their proof depends upon a fundamental result 
relating to the representation by a continued fraction of the integral 

CO 

J («) €-*' dx. 

0 


That result being established, the examples given here follow 
easily from the continued fractions given by Prof. Rogers in 

bis paper, “ Asy‘m 2 ytotic Series as Convergent Contimied Fractions ” in 
the Proceedings of the London Mathematical Society, Series II, Vol, IV. 

(a) Let agn-i = (2«—1’ k^, = (2)i)*. 

The first row numbers of the table give the coefficients in the expan¬ 
sion in an ascendiog series of powers of x of the function dn (.r, k"), 

i»e. M 0 («) » dn («, /<■). 


M: 


(g. ^) dD C=g.^) ^ _ 8 d 2‘-H (g./Q cu (g, 1) 

I 1 1 I 


2r +1 ! 


(6) Let - (2u-l)S Ug, = (2«)* 

Mo (a) =s cn («, A}. 


Ishr (x) = 


sn"’*' 


(x, k) cn (X, k). 
2r ! 


M h-. (x) = ( x.^) dn U A ) 


(o) Let = a^n = Hi 

I Art ss n I, , An ■= K+1!, jA.t B5 Qft+ Ij (k + 1} 1 etc* 



134 


((2) Let ss m, a, = 1, sa m + }> 04 b 2, .. 

** 2 n—X = m + 1 » '® 2 n ” "* 

^An = Tn (m + l) (w + 2 ) ... (»t+n— 1 ) 

(e) Let a« =( 2 n—l.(2n + l)’ 

,A„ = 2(2-«-^ - 1 ) B„. 

v?here Bn is the BerDoulliaD Dumber. We may irrite dowa the values 
of some determioaDts here. If Cn =* (22"”^ — 1) B»«, we have 


1 C 4 ••• 

990 

••• •«« 990 

Ok 




eet 

• •• 


®n 

^=H+l 

• •• 

® 2 n 


_ 1 
2 w-t-i 

[(1.2)^ (3.4)"-" ... (2»—l»>r 

32a 52 «-i 7»n-2 ,)i 



Ct 

eee 

On 

Ca 

H 

090 

‘^n+l 


990 

999 

$90 

On 

®/t + l 

009 

®2n—1 


_ J_ 

2 « * 

32«-1 52n-2 ...(4 k_ 3)» (4n-l)» 


(f) Let Oj 


1.2^3 ^ 

2*.3.5’ • 


2.3*'4 _ n(n+l)2fn + 2) 

2^7' ““ 2» (kSn+A; (2n+3/ 


jAo ^ 6 Bn+i, where Bn is the BernouUian number. The cod- 
Btructioo of a table in (a) or (/) is out of the question owing to the obvious 
tedioueness of the work. But it ie given here in connection with the 
evaluation of determinants whose elements are Bernoullian numbers* or 


involve them. Hence, 

B, 

Bj $ 9 $ 

Bn+l 

B. 

Bs 000 

®n +2 

99t 

$90 090 

• « • 

Brt+1 

090 

0 

B 2 nfl 

38 ^ , 3 

3' 

B, 

Bg 009 

B/i+i 

Ba 

B 4 9$9 

Bn+Z 

• 1 • 

$90 0^0 

• •1 

Bn +1 

Bk.j .2 ••• 


1 

(3« 

■ by-'- 


2 «+l 

38n-4 


j2n , 28 R —8 , 38n«'3. 


•*e 


n 


* «* (n fl) X 


38 ^ . 32 n-l . 52 n -2 52«-3 f 2 « +l)*( 2 n-f 1 ) . 


3-”+‘ 58 ^ 72 n-i (4n+i>* (4n+3; 


- (2-3®>””'* (3'4®) 

C 

... X 


n—fl. 


72H-JS ( 4 nti) 
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|i 2* n* _ 

(f) let fli “ TTg * “a W " (2n--l) (2n + l)* 

, _ 1 

Then x^» - 2;^ * 


We therefore evaluate the following two determinants given 
by Rouche (1858) in another connection. It does not appear however 
that the determinants in question were evaluated by him, (See Muir: 
Theory of Determinants. Vol. II, Page 354). Rooche’s expressions for 
Legendre’s polynomials are proved by as in another paper. 


I 

S 


1 

3 

1 

5 


1 

5 

1 

7 


••• see 


2w+3 




I 

3 

1 

5 


I 

5 

1 

7 


I 

7 

I 

9 


• • • 


• • • 

A 


• • • 


• se 


• •• 


• •t 


2n+l 2n+3 


see 


see 


• •s 


• •• 


2 n+ I 
I 

2nT3 


4« + l 


2n+l 

1 

2n + 3 


4n—I 


“ (^ * 5'9 ■ 13 **■ 4>'+» ) ^ 
/ 2 n —1 

V4n—3 ■ 4rt—i / J 

- (I rA iii)" 

{(K )■■' ( U ) 


74—8 




/ 2n—2 • 2n—I \ ^ ') 
\ 4n—5 • 4n—3 / J 


§. 7, Hitherto the quantities A,, have been numbers, but they also 
occur in the theory as functions of a variable. As examples, we give 
below without proof the following interesting results relating to Legendres, 
Kuler’e and Bernoulli’s polynomials. 


(a) Write ffj = 1, ffg * X, = 0, O 4 — 1, <*5 — ®, ^0 — 0; 
we find that ,An = + 


(6) Write 


fli- 2 - 
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Then ,A. = ~ ^ _1 rp„(a)da;, 

(2n + l)(x-l) s_l J 

where Pn («) is Legendre’s ploy nomial of the degree. 

From (15), (16) and (17) above, we obtain the following iateresting 
results relating to determinants. 

Let stand for J (a!)dir, = 

t 


Then 


A. = w = 


A| A 


IAt a 


. ^»+i 


•at 




A 


n(n±}) (n+l) 

(«+i) ‘ . fa-i) ^ , 

2»(«+i) 


Aj A, ... A„ 

a Aj ... A^ 


n+1 


••• tee 

An+l ^a«—*1 


n(n^.l ) 

2«‘ 


** "* «(n+l) 

Aa A. ... A„^., + 

^«+l ^n+a ••* ^3n 

(c) Form a table with = x (1—«), ttg = 1*, 03 =® (1+®) (2—■'>^)» 
= 22 ; 02„__1 = («—l + a>) («—«); Ogn = 

Then iAi=— 2’)', (a;), iAj = 2'!'^ (x), ... iA„ = (—1)” S'i'gn (*)'■•• 

where +„ (a;) is the oo-efficient of ~ in the expansion of 

I +9 '^ 2 rt 

gn + l ••• * 2 n +2 

• •s s«e see 

’i'2« + 2 . ’i'4« 



= (i« 2**"^ »!)• X 

(l—x) (2—»)...(«—X) X 
(2*_xa)«-“ ... 
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(-)" 2» 



+2n 


• •• 

*2n+2 


(J) Write o, = 1’ 


+ 2 « 

«•« 

+4n-» 


2* (2—2«) 
1 • 3 



_ [l*-l ® 

X »’* (1—(2—x) ... (rt—®) 

(la—*•)’*“* ... 

(n-l» - x*y . 
2* (1+21) (3—2®) 

5-^^- 


3> (2+2ai') (4—2®) _ n* (n—1 +2x) (> 1 +1 — 2^ 

-- - ®” ~ (2n-l)(2n + l) 




Then lA^ 


- 2« (Z), («) 

3 (2®—1) 



2'<2)«{®) 

5(2®-l)’ 


A ^ (—1)« 2*”+^ ?>2«+l(*) 

* " (2« + l)(2x—1) 

where (Pu (x) is Bernoulli's polynomial of the degree, and is the 

coelBcient of - m the expaDsion of t -— 

n ! e'—1 


2«("+l) 





^ ... ^2n+l 

6 2« + l 

ti ... * ^a«+8 

7 2n + 3 


• •i •4e ••• eef 

^ 271+1 ^in + S . ^ 

2n+l 2n + 3 4«i-l 


($ * 4)”——1.27i)a]* 
1 

^ 1 • 5 • 9 ... (4n+l) 


_ 1 _ 

X C(l-3)« (5-7)"“^ ... (4ji-3'4n—l)*]s 


X {X(l-X)}'' {Cl + ®)(2-®)}"-l ... { (n-1 + ®) (n-®) } 1 
X { (l + 2x)(3-2«)}” {(3 + 2 x)(5-22)}«-i... 

{(211—1 +2®)(2»j + l-2®)} ». 


18 







m 


+ 1 

... '^2n+l 

3 

5 

2n^l 

4>t 


... '^an43 

5 

7 

2n43 

••• 

*2n+l 

• •e 

ff 

• •• •« • 

... '*’4''—I 

2n+i 


4fn—1 

(2-3V-*. 

...(2B' 

-2-2n—1)1* 


3-7 • n ... 14 b— 1) ^[l" (i* 'd/'-i„.i4n—& 4«—3)*J® 

X {a:(l-»)}’'{(l + ir)(2— x)}"-n..{(n-l + a:)(n-®)} »x {(l + 2») 
(3 -2x) > «-l {(3+22:) (5—2x; } n-a... { (2n-3 + 2r)-(2n-l-2®) } *. 

[TV 6e concluded.'\ 


APPENDIX I. Table for an l> 


1 

2 

5 

14 

42 

132 

439 

1450 

4912 

16936 

1 

3 

9 

28 

90 

297 

1011 

3462 

12024 

42270 

1 

4 

14 

48 

165 

672 

2012 

7112 

25334 

90920 

1 

5 

20 

75 

275 

1001 

3650 

13310 

48650 

178400 

1 

6 

27 

110 

429 

1638 

6198 

23316 

87480 

327976 

1 

7 

35 

154 

637 

2548 

10006 

38830 

149576 


1 

8 

44 

208 

910 

3808 

15514 

62096 



1 

9 

54 

273 

1260 

5508 

23266 




1 

10 

65 

350 

1700 

7752 





1 

11 

77 

440 

2244 






1 

12 

90 

544 







1 

13 

104 









1 14 

1 

iV’, 27.—The process of mulbiplying by the cumbers of the first, colnmc, vh., by 
cnicy is omitted, 

g 

a. 6, 14, ... are tbo coefficieots io tbe expansion of - J, (2»), 

0 

8s 9| 28, ««» I) I) (9^)» 

w 

4i 14| M It (2*)» 

sc 

*J, (a.). 


1 . 3 , 5 , 14 , 


11 


II 


13D 

SHORT NOTES 

On the Product of all Numbers less than N and Prime to it- 

Let TT d (W) denote the product of all the poBitive integers less than 
N and prime to it. 

I. If N is prime, tt d (i/) is evidently 1)! 

II. If N is composite, we shall first find the product of all the 
integers leas than N and not prime to iV. 

Let p, q, r, 8, t . be the diderent primes which divide N ; t.<. let 

9^ r-* s® . 


Consider the series of integers 1,2,3... N —1. Of these the 

following are multiples of ^ : l.p, — I'j .p. 


f N 

The product of these = 


Similarly the product of all the multiples of ^ ! ip 

Hence the product of all the multiples of />, all the multiples of q, 
&o., in the series is given by 

P,.,{ 

(f-) 


In the same series there are 


multiples of pq and their 


product is 




Similarly £or multiples of pr, ps,. . 5 „,...(takiog ail the binary products 

of A ^.} 

Hence the product of all euoh multiples is given by 

Similarly the product of all the multiples of the ternary nroduota 
PVy qys, . is 

( Pir-'- ) ' ( ^5' ) j • 


And so on< 
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Now consider the product P=Pi-rP, xP^-rPi.. 

Take any number c which is less than N and not prime to it. It will 
contain as factors a certain namber (Js, say) of the different primes 
P* 9\ Now m will occar k times in the enumeration of the 

mnltiples of r,.... taken one at a time. Hence the index of 
the power of x in is k. Again x will occur times in the 
enumeration of the multiples of the binary products pq^ pr ^that is 
the index of the power of x in P 2 ia leC^ ; and so on. Hence the 

index of the power of s in F is j!;Ct —> 4 * —. = 1 ; so 

that every integer which has a factor in common with N is con* 
tained, without repetition or omission, in P. 


Hence the product of all the positive integers less than N and not 
prime to it is P 


TT 


{ f -1 '• P" '' ■ ’pp^()p,r.r' I 


TT 


( N ^ \ N t ■) 

-- 1! jx I —„ — 1!- j 


• ee 


Now the index of the power of p in F is evidently 


+ { (^“ ') ^ ~ +•••}- 

{ 1 - C + C -. I 

c N-1 1 N-1 ‘i y 


= f ^^- 5 ^ + - + 


0 


iV (9 — 1) (r — 1) 


pqr. 


s X say. 


Hence 



Now the product of all the integers less than iVia hence, 
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fioally, the product of all the integers less than N and prime to it 

=(i?-i)i! -f p=(iv-i) u [ { (^ -> 0 {pfr> “O' .} 

-1 ); .../•••] 


{( f -^0 ( 


pqr 


Ex. (1) If iV = 12, then p = 2 , j = 3, « _ 2 , ^ — 1 and 


11 ! 1 ! 

“ir d ( 12 ) = , 04Q8 • 


(2) If N = 72, then p = 2, <2 = 3, a = 3, = 2 and 

71! U ! 

TT d (72) = 35 , 23 j 224 312 

The theorem is some times stated incorrectly in the following form :— 
If 27 = ahcd . k, where a, 6 , c,.. are prime to each other, then 


Thus in the Conv. and Caius Coll. Exam. 1882, (quoted in Chrystara 
Algehta, Vol. II, p. 547) the following question was set 

IE 27 s abc, where a, 6, c are prime to each other, then the product 
of all the numbers less than N and prime to JY is 

(a6c — 1 ; ! TT { (a — 1) ! {be — 1) ! } . 

That this theorem is wrong can be verihed by taking any particular 
case, e>g., let 0 = 3, 6 = 4, c s= 5, then N ss 60. Then according to 

.^9 ! 2 ! 3! 4 ! 

this theorem tt d (N) = , 14 '! 11! 3**4*6o 

Now the indices of the powers of 2 contained in 59 !, 2 !, 3 !, 4!, 19 !, l4 
and 11 I are respectively 54, 1, I, 3, 16, 11 & 8, so that -the index of 
the power of 2 in w (7 (60) is (.S4 -h 1 + 1 -t* 1)—(16 -f-ll +8 + 16) = 8. 
Since 2 is not prime to 60, no number prime to 60 can contain any 
power of 2 as a factor. Hence'n-(7 (60) cannot contain any power of 2. 
Hence the theorem is obviously wrong. 
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The correct answer in the case considered is given by (A). Thus, 
here p = 2, 9 = 3, r • 5, a = 2, /> = 1, 7 = J, so that by (A), 

59!9!5!3! 

IT a^Du; — il!“2i« 3® 6^* 

Now the numerator of this CraciioD is » (2®^ 3*^ 5**7®ll5 13< 17» jgs 
23» 29 a. 31. 37. 41. 43. 47.63.59) (2’ 3* 5. 7) (2* 3. 6) (2.3) and the 
denominator *= (22®3'^6«7^ 11^ 13^ 17. 19. 23. 29) (2^®3'Wll, 13. 17. 19) 
(2® 3" 5' 7. 11) 2’'3^54 so that d (60) = 7.*ll. 13.17. 19. 23. 29. 31. 37. 
41. 43. 47. 53. 59. 


That this is the correct answer can be easily verified ; for the inte> 
gets less than 60, and prime to it are 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 
43, 47, 49, 52, 59. 

Question 1013 of the J, l.M.S. (V^ol. X, Dec. 1918, p. 492) is similarly 
wrongly stated. 


N. B. Mitra. 
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Three Fundamental Formula* 

(The formulffi here proved have been aseumed in our Paper on 
Determinants. (Vide : J.T.M.S., Vol. XIV. p. 55, §§ 1 and 3.)] 

1. Let y = seo» = S where E„ ia the n«‘ Eulerian 


Dumberi so that 



Now let ua obtain the expansion oE the differential coefficient of 
800 X ae the product of 5 aeo e and a power series in t — tan x» 


It is easily seen that 


- c 

dx* 


{ 4!t* + 2! (!• + 2* + 3«)ia + (!• + 2*) > 


Eg =13-1" 2*. 

0 = « { 6 ! + 4 ! X ('.!> + 2t + 32 + 4» + 5») 

+ 2!(* { 12(U + 2a) + 22 (U + 22 + 3i) 

+ 3* (1* + 22 + 32 + 4») } 

+ { 12 ( 1 * + 2 ») + 2 * (12 + 22 + 32 ) } 

/. E, = 12 (P + 2») + 22 (P + 22 + 3») => 2P 22* 23*. 
Similarly it is easily seen that 




{ 


8! 


/’ + 6 ! 27* P + 4 ! 25> 26* 


+ 2 ! <8 232 24* 25* + 2l» 22* 23* 24* } ... 

= 21 “ 22 * 23 “ 2 **. 

Now assume that 
dx" 


= s |«[p+„_2! «''-3 X(n — 1)* 


+ 4.!i"-»2(n —3)* 2(« -2)* +... 

+ n — 2r! 2(n ~ 2r + I )*. 

5<n-r+l)* 2(«-r)»+... } 


(M) 
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the last term being 22* 23* 2— ^ —^ * ^ 

and 21* 22*... 2 (^) * = % 

Dliferentiating, writing ^ = I +.^, and collecting the coefficients 

Cvi0 

ot /"-si'+i, we find this coefficient is 

n - 2r! 2(n — 2r + I)* 2(« — 2r + 2)3...2(n — »')* 

+ (« —2r + 2)«—2r + 2! 2(n-2>' + 3)» 

2(« —2r + 4)»...2{« —+ ly + n —2r!(« —2r) 

2(n — 2r + 1> 2(« — 2r + 2)»...2(« “ O** 
e _ 2r + 1 ! { (» — 2r + 3 22)(n -2r + 3)*... 

2 (« — r + !)■ + 2(« — 2r + 1)3...2(« — ')*} ■ 

- „_2r + 1! 2 C«—2r + 2)3 2(«—2r+3j*...2{»—*' + l)* (1*^) 

Hence by induoiion, the formula) (1.) and (1*1) follow immediately. 

[Note!—T he formula (1.1) is elegantly expressed by the table in 
Table 1 for Buler^s numbers, which was kindly suggested to us by Mr. 
K. 6. Madhava. 

The first column contains the squares of the natural numbers, 
viz. 1,4,9,16,...The second is obtaioed from the first by an obrious 
method of addition, e.g, 5 = 1* + 2“, 14 = !• + 2* + 3‘'^,.,.The third 
is obtained by multiplying the numbers in the second column by the 
corresponding numbers in the first, e.ff* 56 = 4.14, 270 = 9'3O....Th0 
fourth is obtained from the third by addition as before and the process is 
repeated. We obtain Euler’s numbers in pairs at the top.] 

* 

2i In a similar maoneri since 

^?n—1 

tan a: = 2b,. 


where bn — 2-2,i (22,,— 1 ) 


Bu 

2 n 



prepared Bernoullian number (an 


integer), we can prove that 

<^1 =nW“+‘ + n-2! ~ ‘ 2(« - I") 

dz 

4 . « _ 4 ! - 3 2{rt — 3. n — 2) 2(« — 2. « — 1) +... 
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+ (« —+ —2r+ l.n —2r) + 

2 (n- 2 r. n - 2 r- 1 ) ... 2 C« -''■« + **+ 

the last term being 

t 2(1.2) 2(2.8) .. 2 ? + 1 y « » •. 

2(1.2) 2(2.3).. 2 -t-’ " ” " 

Hencp, if a table is formed exactly as in 2 above with 1.2, 2.3, 3.4, ... 
in the Brst column, we obtain the prepared Bernoullians begmoiog 
with the second ( 65 ) in the odd columns of the top row. (See Table II.) 


and 


3. Again 


I 


cue 3 ; — a sin % 


{ 


ss B 0 O * ^ 1 4- 2 a” r 


} 


Also if we write 


1 


= 1 + 2 A„(a). 


nl 


(3.1) 


cos a; — a stn » 

then A„ is obviously a function of a of degree n, odd or even according 
as n is odd or even, and 


An (a) 


dn 

dx 


- ( _ 1 _) 1 

’* \co 3 X — a sin x/ J » 0 . 


d’* 


:s COS 9 ~ (sec 9), where tan 6 = a, 

dT„ 


so that 


A „ ( rt ) _ „ * a »* + (rt — 2 )! o »-2 _ 1)1 + ... 

+ (n- 2/) 1 a " “ ^'n — 2r + 1)*... 5(11 — v)> +. (3*2) 

Henca by rearranging (3.1) in powers of a with the help of (3), we 

have 

sec X tan”a: = n ! .f ^ -- 1 2(« + 1)“ 

(. n! n + 2 * 

+ 2(« + 1)* 2(»i + 2)> +. 

n + 4 ! 

+ + 1)» 2'n -f- 2)2 ... 2(n + r)^ +. j (3) 


19 
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All the cocffioidDts io (3) ftre to be found in the even eolomns of 
Table 1, 

TABLE I. 

1 5 5 ei 61 1385 1335 50521 50521 

4 14 56 331 1324 12281 49136 

9 30 270 1211 10899 

16 55 830 

25 

TABLE II. 

2 8 16 136 272 3968 7936 176396 353792 

6 20 120 616 3696 28160 168960 

12 40 480 2016 24192 

20 70 1400 

30 


0. Krishnauachabi. 
M. BniMASBNA Hao. 




SOLUTIONS. 

Question 1127. 

,K. J. ‘tat there are ^ 

Tucker circles of a triangle which touch a g.ren stra ght hue. These 

circles coalesce when the giren line is one of the sides of the triangle. 

I£ 0 and E be the ctroumcentre and eymmedian point of a triangle 
ABO, T, the centre and Kj the length of the radius of the Tucker circle 

touching BC, prove that 

KTj: T,0 = 6 * + c* — a* 1 &* + c* + a* and RiR = fee .* ( 6 * + c ). 

Additional Solution hu the Proposer. 


An elegant geometrical solution of this question is given by Mr. M. M. 
Thomas in the February (1922) number of our Journal. The following 
analytical solution may prove of interest. 

Aa proved in my paper on Tackor Circles printed in the Journal for 
December 1917, the tcilinear equation of a Tucker circle of anti-p:xraUel 
inttreept is 

ahe (2a/5V) — (Saa) . 2 { {ho — a/*-) a } =s 0 . 


This may be written in the form 

_ fj_abc) ot“ + 2 { — /'« ( 6 *+c*) + 2 /tV} .By ^ 0 . 

The condition that the straight line + m0 + tiy =0 should tonch 
the circle (the tangential equation of the Tucker circle) being written la 
the form 2^.1* + 22F»*« = 0, it will be found that, 

A = — + c*) — aho } *, 

with similar values for B and C, and that 

F = i + aV + 62c*) — ( 6 * + c*) + 4 

with similar values for G and H. 

Since these values of A, B, 0 and F, G, H involve fc only to the 
second power, it follows that when /, m, n are given we get a quadratic 
equation to determine fc. Hence there cannot be more than two Tucker 
circles of a triangle touching a given straight line in the plane of the 
triangle. 

When the given line is a side of the triangle, say BC, we have m s ^ 
0 , and the condition of tangency reduces to 

AZ* = 0 , or { + — ahe} * = 0 . 

!t)bUB the taro circles coalesce, the anti-parallel intercept becomlcig 

9ihcl{b* -h c*J. 
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In this case, if the ratio KO is denoted by we have as shown 
in the paper cited above 

_ 2 (I — e) abe _ ahc , . _ a* ^ h* + 

^ a»i- 6» + c* 6^** ®" 262 + ^ 

BO that t = (6* 4- c* — a^)/{2b^ + 2c*), 

But KT, j KO = e, 

KTj : TjO = r: 1 — e = b* + o* — ; 6" + + a*. 

Finally, as proved in the same paper, we have 

a* 6* c* 


B 


1 B e + -_____ + 

= irV?? {R'(6* + «»-aT+ R-.16 A»> 


4(6 
R* . 4i*c2 

2 v2 


4v^* + C^) 


Ej : E = be: (b* + c®) 


Question 1145. 

(N. Dohai Eajan) n rods OAi, OA2,...OAn are hinged together 

at O which ie a plane joint. Show that the area of the plane polygon 

A .An is a maximum, when the. circles on AjA^, A^A g,.AnAj 

as diameters have a common orthogonal circle ; and that the perimeter is 
a maximum when ail the sides touch a circle. When there are only three 
tods, can the triangle be constructed with the ruler and compasses ? 

Geometrical iSoluito^ hy Q* V. Krishnaswami. 

Let the As OA3A4, OA4A5.. OA«Aj be kept fixed. Then 

A| and As are fixed points and A^ can vary its position moving on acircle 
with O as centre and O A, as radius. 

Firstly AiAj+ A^Ag will be greatest, if AjAg and A^Ag are equal-* 
ly inclined to the tangent to the circle at A2. or what is the same thinge 
to the radius OA^. Let Ag take such a position. Now keep the Ag 
OA4A8, OA5A5 . OAjAg'^fixed. AgAg 4. A3A4 can be mada 

greatest by taking OAa the bisector of'the angle AgA^A^. Hence the 

perimeter is a maximum when OA4, OA2 .. are the bisectors of the 

angles A«AiA», Ai A.Aj .j that is, the sides A,A,, AjAj touch 

ft circle with 0 as centre aud the e^Qftl altitudes as radiusi 
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Secondly, keepiDR the As OAjA*, OAiAg.OA„A, fixed ae 

before, the quadrilateral OA^A, As hae maximum area if OA, is perpeu- 


dicularto AjAg. 


_ ^ Ueoce as before the polygon has maximum area if OAj, 

.are perpeodicular respectively to AnA,,AiAa. A 3 A 4 . 

O is therefore the radical centre of the circles on A, Aj, A.. 

as diameters; that is, these circles have a common orthogonal circle whose 


centre is 0> 

When there are only three rods, O becomes the orthocentre of the 
triangle AiAjA, if the area is to'bo a maximum ; and if the perimeter is 
maximum, O becomes the in-centre of that triangle. 

Hence the problem is to construct a triangle given OA, OB, OC 
(i) when 0 is the ortho-centre and (ii) when O is the in-centre of the tri¬ 
angle ABC. 


Question 1152. 

(Sblected) :—Find the complete primitive of the differential equation 

9a:y* — 2=0. (Forsyth : Eqns.) 

dx^ 

Solution by Pi of. ^'‘ilkwson. 

1. Solution of 2a* xy* + 1=0. 

ax* 

Noticing that 

is exact; we bav^, on integration 


this gives 


a* (px— y)* = A + ^ say j 

dx ^ 2adv 

which can be integrated in the usual way. 

2. Similarly, we can integrate 2a“xi/® ^ ^ 


1 



Question 1182. 

(B. B, Baai.) 5— The sides taken in order of an n—gon (n being 
odd) circumscribed to a circle are Ui, Prove that the radius 

of the inscribed circle is given by 

ri;—;i—+ 

* “l—•••—“u-a 5 — aj— an — ...—ffrj-I 

= I CH-ai 


+ — 







I 
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and that the area is determined by 

(ii) tan ^ + tftn ^ (j—Ot—fl*—.><—fl»-i) 

+ ...-= f («- 2 ), 

where ‘25 j= Oi + a + a + ... + an. 

Solutioiii btj A* A. Ki'isJinaswami Iyengar^ L% N. Subramaniant 
G. Ranganathan and K. Satyanarayana, 

Let A| A 3 .. An he the polygon and F^, P ,...Fn the points 

of contact with the io-clrcle. Let O be the in-centre. 

Now, from the geometry of the figures it is evident that 
A,. P,. = 8 — flr+l “ ^r>3 ” ••• ®f— 

and tan OArPr as tan - *-- 

2 5 — a^+i — fl'r+3 *“ 

Again, since x.s ~ A, 

A. ^ A __ 

Jj S Or^-l ^Jr+3 ••• ““ 

, ^ _ f ^_ 

•• a “ «(s — — ar+3—...j 


Since S A^ = («—2), we get the results 



tan 


-1 


X 


8 — ttr+l “■ * 1 — 


see 




tan 


—j 


A 


8 t6““<Jr+i 


— - 




—ar-2) 


~ («— 2 ), 


Question 1163. 

(B. B. Baoi):—T he circles round AQK, BKP, CPQ, where 
P, Q and K are points in order on the sides BO, CA, AB of a triangle ABC 
meet in O. If A', B', C' are the middle points of the arcs QOR, ROP, 
POQ, then show that A' B' C' is a triangle similar to the triangle of the 
ex-centrea of ABC and also that A' B' C' and the in-centre of ABC are 

Qgoo^cUOi 
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nmufks and Sohiion by A. A- /Trlshn^swomi Aiyangar, 

This question can be extended and generalised as follows : 

ABO is a triangle. P. Q. R are points in the sides BC, CA, AB and 
the circles round AQB, BBP, CPQ meet in O. If A', B'. C' are any 
points on the circles AQR, BRP. CPQ, such that AA'. BB', CC' meet 
in O', then the five points A', B', C', O, O' lie on a circle. 

Now A'OB' = BOP — ROA' + POB' 

x—B-RAA' + PBB' 

-r— ABO' — BAA' 

= TT _ A'O'B*. 

A'B' subtends supplementary angles at O and O' 


Hence 0,A', B', O' are ooncyoHc. 

Similarly, it can be shown that A'C' subtends supplementary angles 
at O and O^ 

Hence the five points A'.B'.C', C,0' are concyclic. 



Cor. 1. In the triangle A'B'O', B'A'C' is the supplement of the angle 

BO'O ; A'B'C' U the supplement ofjthe angle OO'A ; and A'C'B is the 
supplement of the angle AO'B. 
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HdQce the triaagle is similar to the autbpsdal triaogle o£ 

ABO with respect to O'. 

2. !□ particular, i£ O' be the in-centre of the triangle ABC, the 
triangle A'B'C' is aimihr to the ex-central triangle of the triangle ABO, 
which is Q. 1183. 

3. If O' be the circum-eentre of the triangle ABO, A'B'C' is 
similar to the pedal triangle of ABC. 

4. If PQR be the pedal triangle of O with respect to ABO, 00' 
is the diameter of the circom-circle of A'B'C'. 

5« If O, O' be isogonal conjugatt^s with rpspeoi to the triangle 
ABO, OA', OB', 00', become parallel to QR, EP, PQ, respectively, and 
thus the perpendicular bisectors OA', OB', OC' become identical with 
those QR, RP, PQ. Hence the circum*centre of the triangle A'B'C' coin.* 
cides with that of the triangle PQR. 

6 » When 0,0' are the positive and the negative Brocard points of 
the triangle ABC, the circle round PQR becomes a Tucker circle of the 
triangle ABC and its centre, by the previous corollary obviously lies on the 
perpendicular bisector of 00'. Hence, we get the well-known theorem 
that the perpendicular bisector of the straight line joining the Brocard 
points is the locus of the centre of Tucker’s system of circles .—{Vide : §§ 
36, 37, p. 73, McClelland’s Geometry of the Circle^') 

When the circle PQR becomes a Triplicate-ratio circle, 
A'B'C' becomes tbe first Brocard triangle of ABC and we get the theorem 
that the centre of the triplicate ratio circle is also the centre of the Brocard 
circle of tbe triangle ABC, 

Id conclusion, we may remark that if P’,Q',R' be another set of 
points on the sides of the triangle ABO such that the circles round AQ'R', 
BR'P', CP'Q', meet in O' and A",B",C" points on these circles such that 
AA",BB",CC" meet in O, then tbe following results are easily inferred 

(i) the eight points A'.B'.C', 0.0' lie on the same circle. 

(ii) the pairs of straight lines OP, O'P'; OQ, O'Q', ; OE, O'E' are 
equally inclined to BO, CA, AB respectively. 

(iii) the perpendicular bisectors of PP', QQ', EE', are concurrent 
at the centre of tbe circle A'P'O* 

(iv) the points of intersection of the pairs (OP, O'P'), (OQ, 0'Q',)and 
(OE.O'R') lie on a circle passing through tbe centre of the circle A'B'C'. 

(v) P.Q,U. P',Q',R', will lie on a Tucker-circle of the triangle 
ABC, provided 0,0' are reppectively the positive and the negative Brocard 
points of the triangle ABC. 
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Qufstion ll84. 

(G. S. Mahajafi) :—In anv triangle, we know that 
«• s a* — 3 C08 G. 

Similarly, in any polygon of n sides (oj Og. 


o ~ 1 

a. a — 


^ _ 22 cos ar Os 


r and s being unequal aod taking all integral values from 1 to n —1. 

Symmetrically, the sides and angles of a polygon are connected by 
the following relation :— 


n 


^ a/ — 22 a, cos = 0, 


r, s being unequal and taking all integral values from 1 to », 

Solution and Remarks hy A, A. Krishnaitvami Aiyangar and 

several others. 

See Arts. 127 and 128, Hobson’s Plane Trigonomeivy, 4bh Edo,, 
where the result given above is proved, with only a change in sign due to 
the adoption of a different notation. The formula, however, can be 
easily proved by induction thus: Denoting the vertices of the n + i 
sided polygon by A, A,.A„ ^ and the sides Aj A,, A^ A^.- 

etc., in order fay Oj, .^ we may write 

+ 1 = 01= + a:’ + I — 2 a, y, 
where » = Aj A,^ ^ 2 and y is the projection of x on a,. 

But this projection = the sum of the projections of a.^, -f 1 on a 


n 


a7 G08 a 


ft 


and s 


^ - 22 a 


s »r 


r and $ being unequal and taking all integral values from 2 to n. 


n 


• • 


a 


n+ I 




o, cos a a., 


r s 


which proves the formula. 


20 
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Question llS9. 

(F. 6 . Fbbsmax) ’.—From a poiot P tangents are drawn to a given 
ellipse and to all coofocal conics. Shew that the locus of the points of 
oontaot of these tangents is the same as the locus of the foot of the per¬ 
pendicular from P upon the chord of contact. Explain the significance of 
this properly, 

hy A, Makalingam, 


Let the cc^ordinates of P be y') and let the confocals be repre* 
sented by 


V* 


1 


The points of contact of the tangents from P lie on the chord of contact 

* . yy' 




5 = 1 . 


Since they also lie on the confocal, 


X 


a 


y' 


(A) 

a* + X ■ P^x “*• 
the eliminant of x between the equations (A) and (B) gives the locus 
of the points of contact. 


=1. 


whence 


fA. 4. 

(A)-(B) = ^ ^ - y. 

_ — a'^V (v — vO — g (g — 3=0 
^ “ a: (a? — a;') + y Cy ~ y'> 


Substituting this value of X in equation (A) after a few easy trans- 

a. V 

formations, it reduces to y ^ y> + g. _ -e* y — jc y" 

which is the locus of the poinls of contact. 

Let ns also fiod the locus of the foot of the perpendicular from P on 
the chord of contact. 

The equation of a line perpendicular to A and passing through P is 

xv‘ y^ _ A’ y* (0) 

l» ^ \ a» + X (a2 + xX^" + 

The eliminant of X between (C) and (A) gives the locus required. 

x' y* (a* — t'i — tt’ a :!/' + ^ 

From equation (C)» x » ■ ^ y> ^ x' y 

On substituting this value of x in equation A. it reduces to 


® = 
y - y' + a; - x' 


b3 


»'y — ®y' 

which ia identical with the locus of the point of contact. 


Qaestion 1190. 

rw P Pandta) t -It is reqaired to illustrate by putting together a 
miDim™' number o£ oerd-board pieces, that the complements o£ a 
Zm ere equal. Tbe point through which the parallels 
a distance o£ 1-6 in. £rom the vertex on the longer diagonal o£ a pa«llel- 
ogram whose angle is 60» and whose aides are 4 in. and 6 in. respectively. 
Give a description of all pieces required for this purpose. 

Solution by Q.K Vasudevasasfry. 

Let ABOD be the given parallelogram having AB = 4", AD = 6 
and the angle BAD = 60o. Along the longer diagonal AC. mark oft 
AO = 1*5" Draw EOF and GOB parallel to AD and AB respectively 

through O, ihe former meeting ABand DC in B and F respectively and 

the latter meeting AD and BO in G and H respectively. 

Now it is required to show by illustrating with minimum number ol 

card-board pieces that the complements EOHB and OGDF are equal. 

AC* = 6" + 4* + 2.6.4.i = 76. 

AC = 776 . 

AE EG AO 1-5 
Now -A- AO 776** 


Then we have 

AE = 6&, EC = 9&. 

EB = 4 — 6b & GD = 6 — 9&. 

Now cut the two pieces EOBB and GOFD from the parallelograms. 
Place the piece EOHB on the piece OGDF, having the edge OE along 
OG. The edge OH falls along OF and let K be the pt. on OF corre¬ 
sponding to the pt. H. Now cut the card-board OHBE along tbe line GD 
in the new position. What is left will be a parallelogram with sides 
4 —6b and 3b. The portion remaining in the parallelogram OGDF is 
KFDL, where KL is drawn through K parallel to AB, meeting AD in L. 
Tbe length of the sides in this case are, a—3b and 6b. By cutting into 
two halves the remaining piece in the former case (4—6 b by 3 b), we can 
Buperpose on tbe parallelogram KFDL and thus show that the comple¬ 
ments ace equal. The number of card-board pieces required are three. 

(1) 4_6b by 6b. (2) 2-3b by 3b, (3) 2—3b by 3b. 

[The property is simply illustrated by means of the triangular pieces 
ABC, AEO, OHC and their cougrueuta ODA, OGA, CFO. 

Por OEBE = ABC — AEO — OEC, 

Rod OGDF ^ ODA — OGA — CFO, Ud.] 




Question 1194. 

(PnOF, Sanjana) If / (oj) denote 

x' + .+ » + 2” p” 

prove that the result of eliminating « from the two equations 

/(y) + f, /.(y) + 1 ^, /.(s) +.= 0 , 

/.(y)+?^,/s(y) + /s(y)-i-.- 0 , 

is the same as that of eliminating t/g, z _ from the following 

n equations— 

y + 2 i + Px =• 0, 

yzi + !/, + 3, —Px = 0. 

2/3a + y-.^i + 3s + P3 = 0. — 

•«e «•« ••• 

= 0. 


(/n /j> /s.denote derived functions of / with respect to y.] 

So?u<ion by K. Satyanarayana. 

By Tayloi’s theorem 


/ (y+®) = / (y) + «/i (y) + ^ Cy) + 



t 


BQd / iy—A) ^ / (y) — (j) + ® /j iy) + 

«• 




+ (- i)“ /•» (y). 

• 6 • 


We may take the following as the equations to eliminate x from 

(y+*)” + 2/)i (y + ‘»)" ^+2Va (y+®)” ^ +...+ 2”/?„ =0,1 

[ 

(y—+ ^Pi (y—+ (y—a:)™ ^+...+ 2'‘ p;,=oJ 

The second set of given equations may be written 

2" F„ = (-if .2" [ y. ] 

(y±*)* = (-1)"'^ J (y±»)» 


7ii 


« • e 


040 * 


M9 
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1 = (-1)’“ 2^ + ^.] (!/±x)'‘ * 

I 

2 J>, (i/±x)”"^ * (-1/ 2 [y + 3 i] (Jf±x) 

(y±®)” = (y±»)" . 

Sum of L. H. S. gives the equations (A) according as + or — sign 
is taken, provided it be shown that sum of fi. H. S. is zero for either sign. 

B. J3. S. = 

— 2j + (—1)' • 2;. 2y (2/±*)"“°J 

H- (—l)*.2»a, [(K±a:,”” —2*/ (y±*) J + . 

+ 2 ""^ [Cy±»>* — 2i/ (t/±®)] > 

+ (—1)2 2»2/, { (s±x;”“^+ (—1)* 2* sg (t/±x)”“* ... 


Since (!/±x)" — 2i/(y±a;)” ^ = (tj±x)" ^ (—j/±x) 

= {X* —i/»)(y±x)'‘~^ 

the E. H, S contains the factor { .e* — y* + (“•!)* • 2* ya } • 
Hence provided is the quantity ^ , E. H. S. * 0 for either 


sign and hence the result of elimination is the same in either oases, y, 
having the above value. 




aUESTlONS FOR SOLUTION- 

1238. (R. VlTHVANATHASWAMl) If/(»j, a?,) = + 2 fcXiX, + 

cx^*y find S|, Z 2 t where 


= Pi *12/1 + 9i (*i ya + Vt) + »’i «i y*i 


-Pi *iyi+ 98 («i y» + »* yj + >*8 y., 

BO that/(B j, z^)=skf (a:,, f (yi, identically^ h beiog iodepecdeot 

of »i, »i. yi. y«. 

CoDversely, if the bilioear forms z^, z^ are kaowD, would it be possi¬ 
ble to fiod a bioary quadratic fuoctioo / such that 

/(Si. 3a) = a:.)./(yi, y2)? 

1239. (R. Vtthtanathaswamy) :—If P, Q, R, S be four points in the 
Argaod diagram, F',Q',R',8' theirinrersea w» r, t, a real or imaginary circle, 
shew that the cross ratios [PQKS] and [P'Q'R'S'] are conjugate com¬ 
plex Dumbers. 


1240. (R. ViTHiANATUASWAMi) :—S, S,, Sg are three conics of a 

four-point system, such that n-gons could be inscribed in S so as to be 
circumscribed to or S,. A triangle is inscribed in S with two of its 
Bides touching S|, Sg respectively. Shew that the envelope of the third 
side is a pair of conics each of which baa n-gons inscribed in S, oircam- 
scribed to itself. 


1241. (A. C. li. Wilkinson) ;—Solve the differential equation, 

2a’+ 1 = 0. 

(A special form of this equation, a = § , is given in Forsyth, Differm- 
tial 3rd Edition, Miscellaneous Examples : 51 (ii), but in his 

Solutions, published in 1918, he states that he has not been able to obtain 
a solution in a finite form. A solution in finite form exists). 


1242. 



C. h. Wilkinson) Solve the equation 





1243. (A. C. h. Wilkinson) Solve the differential equation 
(y - - px> =- P, where p = ^ as usual. 

Show that the p-discriminant is a cusp locus and that the envelope 
of the tangents at the cusps consists of the two hyperbolas 4 3=y = 



15 ?^ 


1244. (8. Rajanaratanan) : -Sum the seriee 


- a..a,-. + («+ 1), 
where «, denotes the numher of combiDntione of n thiDRS r at a time. 

1245. (S. RAJAHARiVASsF) :-Find the value of the ioBnite series 


a . S. 4. 4- 


•«• 


2 ! ' 3 ! 

where S. denotes the sum of the rU. powers of the first u natural numbers. 

1246. (S. Kajanabayanan) Find the vato of the eiptession 
7 [a+y{ab+ J,ab'+\'ab-+ v'ol>'‘+ yae‘' + .-)}] 

1247. (N.B. JIITBA) :-If p [=(2u + 1)] be a prime and if o, 6, r b 

the digits in the Doita’ place io 

(2n!)+l + 2‘"-1 ^ 

p ’ P ' 

respeotisely, when these are expressed in the scale of /), prove that 

(a—6+c) = 0 (mod. p). 

1248. (A. Naras.bga Rao) :-If A sphere is moving about its centre 
so that the velocities of 3 points on it bear a constant ratio to one another, 
then the motion must be one of rotation about a fixed aiis. 

Prove this and make use of it to establish Bertrand's result that the 
carves for which the curvature is proportional to the torsion is a cylindri- 

cal helix. 

1219. (K. C. SHAH. M.A.) .—Through a fixed point P in the plane 

ofaAiBC, a variable straight line is drawn cutting the sides BC, CA, 

AB in A', B*. C' respectively. IE any point Q ia taken on this straight 

1 — JL prove that the locus of Q is 

T'Q ' B'Q • C'Q PQ 


1 1 1 - 
line such that + b'Q “ 

a conic section. 


Locate the position of P for the different species of the conic 


1250. (V. Ramaswaui Aitar) If five straight lines be tangents 

to a three-cuaped hypocycloid, prove that the foci of the five parabolas 
touching the lines taken four at a time are all collinear. 



16 U 


1251 . (C, Krisen&uaohart and M. Bhbsmasbna Rao) 
Let [An A^] staod for the persjmmetrlc determinanf, 



Ar 

^r+l A ,42 

K 


1 

^+1 

A,42 ^r48 

■^n+l 



1 

^n41 

• • • 

Agn—r 


(a) If A, M 1,3.5 ... (2s--1), show that 



[An A»] = A^ 

... . 2"-'* 4»*—»■-1 6 

n-r-2 ... 

, (2n— 

(b) If A, = e! 

f 



IK 

> 

a 

II 

A^ ... A„. 1! 2! 3! ... 

n —r! 


( 0 ) If A< = m 

(ni4.1)(m1-2) ... (m + s—1), 



[A, 

► 

II 

Ay A,.4.| ... A„ • 1! 2 ! 3 ! ... 

n —r ! 


(d) The value of the determinant 



1 


1 

1 


?w + r 


w-fr-l-l ... 

»n + n 

(»”+»')9 

f 

(«i+r-f 1)2 ... 

(m + r» 

h 


• •i 

• • • • • ■ 



(”• + »•)„_,. 


(»•+«)„_, 


—2r) 


18 iodepeodeot of m, where Xp denotes x (*+1) (iP + 2) ... (a; + p—1). 

1252. (K. J. Sanjana, M.A.) :—Prove that for real integral values 

of X and y the equality 6 flj* +2 = j'* is impossible, except in the single 
case when x = 1 and ^ 2 . 

Examine if the equality holds for any other real rational values of 
X and y. 

1253. (K. J. Sanjana, M.A and K. C. Shah, M.A.)-“The centre 
of a conic described aboot the triangle of reference is at the point, whose 
trilinear co-ordinates Mef,g,h: prove that the lengths (>*i, r^) of its 
principal semi-axes are given by the equation— 

ntc fgh -f — + ^* 1- 

^ 1 A—a/ A -63 A—c^ / 


(A-fl/) i^—bg) (Ck-ch) 
where b, c, A have their usual meanings. 
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